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OPERADIC APPROACH TO COHOMOLOGY OF
ASSOCIATIVE TRIPLE AND N-TUPLE SYSTEMS
FATEMEH BAGHERZADEH AND MURRAY BREMNER
Abstract. The cup product in the cohomology of algebras over quadratic
operads has been studied in the general setting of Koszul duality for operads.
We study the cup product on the cohomology of n-ary totally associative
algebras with an operation of even (homological) degree. This cup product
endows the cohomology with the structure of an n-ary partially associative
algebra with an operation of even or odd degree depending on the parity of
n. In the cases n = 3 and n = 4, we provide an explicit definition of this cup
product and prove its basis properties.
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1. Introduction
1.1. Historical background. During the 1940s, topologists discovered the ho-
mology theory of topological spaces and some invariants of algebraic systems [24].
It was proved that the cohomologies of a spherical space Y and of a Lie group G
depend only on fundamental group π1(Y ) and the corresponding Lie algebra g.
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In 1945, Hochschild [13] defined the cohomology of an associative algebra A over
a field F with coefficients in a bimodule M . His cochain complex Cq(A;M) of
degree q is the vector space of linear maps A⊗q → M . He showed that H1(A;M)
vanishes for everyM if and only if A is a separable algebra. Hochschild also showed
that H2(A;M) is directly connected with extensions of A. In particular if A is
semisimple then H2(A;M) vanishes for every M ; hence every nilpotent extension
of A splits. Shukla [23] extended Hochschild’s results to general coefficient rings.
In 1962, Gerstenhaber [7] showed that if A is an associative ring then H∗(A;A)
is a graded ring with commutative cup product denoted ⌣ and furthermore that
H∗(A;M) is an H∗(A;A) bimodule. He also defined a bracket [−,−] on H∗(A;A)
that makes it a Lie ring; the two products are related by the derivation law:
[αm ⌣ βn, γp] = [αm, γn]⌣ βp + (−1)p(m−1)αm ⌣ [βn, γp]
Graded rings with two operations satisfying these conditions are now called Ger-
stenhaber algebras and play a significant role in theoretical physics [9].
In 1993, Deligne posed the conjecture that the Hochschild cohomology of an
associative algebra has the structure of an algebra over an operad over the (framed)
little disks operad. Following earlier work by Gerstenhaber & Voronov [8] and many
others, this conjecture was first proved by McClure & Smith [22].
In the early 1970s, Lister [14], based on earlier work by Hestenes [12], introduced
ternary rings (associative triple systems): additive subgroups of rings which are
closed under the associative triple product. He discussed embeddings of ternary
rings in enveloping rings, representation theory, radicals, and semisimplicity. In
1976, Carlsson [4] made the first systematic study of their cohomology. For an
associative triple system A, she defined its cohomology in terms of the cohomology
of its universal embedding. A few years later [5], she introduced the notion of
associative n-ary algebra, and proved analogues of the Whitehead lemmas and the
Wedderburn structure theory.
Totally and partially associative operads with generator µ of arity n and degree
d were introduced by Gnedbaye [10]. Low-dimensional cohomology for totally and
partially associative triple systems has been studied by Ataguema et al. [1]. The
Koszulity of these operads has been investigated by Markl & Remm [19, 20].
For a quadratic operad P , the cohomology groups of a P-algebra were defined
by Markl et al. [21]. The main theorem connecting P-algebras to algebras over its
Koszul dual P ! is that the cohomology of a P-algebra has the structure of a P !-
algebra [18, 16]. Loday [15] studied the first explicit example of this correspondence:
for a Lie algebra g, he constructed a cup product on the Leibniz cohomology:
⌣ : HLp(g)×HLq(g) −→ HLp+q(g)
This product is neither commutative nor associative but satisfies the relation
(f ⌣ g)⌣ h = f ⌣ (g ⌣ h) + (−1)|g||h|f ⌣ (g ⌣ h),
which makes HL∗(g) into a Zinbiel (dual Leibniz) algebra.
1.2. Results of this paper. In this paper we study the structure of Koszul dual of
the totally associative nonsymmetric operads TAnd generated by one n-ary operation
of (homological) degree d through their operadic cohomology. We focus on n = 3,
d = 0, the operad TA30 is known to be Koszul by results of Markl & Remm [19,
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§2.4]. This operad generated by a ternary operation x1, x2, x3 7→ µ(x1, x2, x3) of
degree zero that satisfies these identical relations:
µ(µ(x1, x2, x3), x4, x5) = µ(x1, µ(x2, x3, x4), x5) = µ(x1, x2, µ(x3, x4, x5)).
Its Koszul dual is the partially associative operad PA31 generated by a ternary
operation x1, x2, x3 7→ µ
∗(x1, x2, x3) of (homological) degree one satisfiying this
relation:
µ∗(µ∗(x1, x2, x3), x4, x5)+µ
∗(x1, µ
∗(x2, x3, x4), x5)+µ
∗(x1, x2, µ
∗(x3, x4, x5)) = 0.
We describe the operadic cochain complex used for calculation of the cohomology
groups of a TA30-algebraA with coefficients in A in the sense of Loday & Vallette [16,
§8.12]. Then we define a ternary cup product of degree one on this operadic cochain
complex . With this product the corresponding operadic cohomology H•
TA30
(A,A)
has the structure of PA31-algebra.
2. Preliminaries
2.1. Nonsymmetric operads. We work with nonsymmetric (ns) operads in the
monoidal category of Z-graded vector spaces with the Koszul sign rule. Such an
operad P = {P(n) | n ≥ 1 } is a sequence of vector spaces that satisfy the unity
and associativity axioms for partial compositions [3, 16, 21, 17]. The space E of
generating operations of P is bigraded by arity a and degree d:
E =
⊕
a≥2
E(a), E(a) =
⊕
d∈Z
E(a)d.
Thus E(a) is the vector space of operations of arity a which is the direct sum of
vector spaces of operations of various (homological) degrees d.
We consider a single generating operation µ of arity n ≥ 2 and degree 0. Thus
E(a) = 0 for a 6= n, E(n)d = 0 for d 6= 0, and E(n)0 = Fµ. Let Γ(E) be the free
operad generated by E, and Γ(E)(N) its homogeneous subspace of arity N :
Γ(E) =
⊕
N≥1
Γ(E)(N).
To start, Γ(E)(1) has basis ι = x1 (identity unary operation), and Γ(E)(n) has
basis µ = µ(x1, . . . , xn). Every partial composition with µ replaces one argument
by n arguments, increasing the arity by n−1, so Γ(E)(N) = 0 unless N ≡ 1 (mod
n−1). In particular, Γ(E)(2n−1) has a monomial basis of n partial compositions:
(1)
µ ◦1 µ = µ
(
µ(x1, . . . , xn), xn+1, . . . , x2n−1
)
, . . .
µ ◦i µ = µ
(
x1, . . . , xi−1, µ(xi, . . . , xi+n−1), . . . , x2n−1
)
, . . .
µ ◦n µ = µ
(
x1, . . . , xn−1, µ(xn, . . . , x2n−1)
)
.
Definition 2.1. The weight of a monomial is the number of occurrences of µ. Thus
a monomial of weight w has arity N = 1 + w(n−1).
Lemma 2.2. The dimension of Γ(E)(N) for N = 1 + w(n−1) is the number of
plane rooted complete n-ary trees with w internal nodes (counting the root), and
this is the n-ary Catalan number:
dimΓ(E)(N) =
1
1+(n−1)k
(
nk
k
)
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Definition 2.3. A quadratic relation is an element of Γ(E)(2n−1). Let (R) ⊆ Γ(E)
be the operad ideal generated by a subspace of quadratic relationsR ⊆ Γ(E)(2n−1).
The quotient operad Γ(E)/(R) is a quadratic operad.
Definition 2.4. [10]. The totally associative operad with generator µ of arity n
and degree d is the quadratic operad TAnd = Γ(E)/(R) where (R) is spanned by
µ ◦i µ− µ ◦i+1 µ for 1 ≤ i ≤ n−1.
Definition 2.5. [10]. The partially associative operad with generator µ of arity n
and degree d is the quadratic operad PAnd = Γ(E)/(R) where (R) is spanned by
n∑
i=1
(−1)(i+1)(n−1)µ ◦i µ.
2.2. Koszul duality. The following discussion is based on [19, 20]. We write (F)
for the Z-graded vector space with (F)0 = F and (F)d = {0} for d 6= 0. For any
Z-graded vector space V =
⊕
d∈Z Vd, the graded dual V
# is defined by
V # = Hom(V, (F)) =
⊕
d∈Z
(V #)d, (V
#)d = Homd(V, (F)).
Since (F) is concentrated in degree 0, the only nonzero maps of degree d from V to
(F) are concentrated in degree −d:
(V #)d = Lin(V−d,F) = (V−d)
∗,
the ordinary vector space dual of V−d. For E =
⊕
a≥2E(a) we obtain
(E(a)#)d =
{
F
∗ if a = n, d = 0
0 otherwise
We define the Z-graded vector space E∨(a) by
E∨(a) = ↑a−2(E(a)#),
where ↑a−2 denotes the (a−2)-fold suspension. Since E(a)# = 0 unless a = n,
E∨(a) =
{
↑n−2(E(n)#) if a = n
0 otherwise
(E∨(a))d =
{
F
∗ if a = n, d = n−2
0 otherwise
Thus Γ(E∨) is the free operad generated by the dual operation µ∗ in degree n−2:
if n is odd (resp. even) then Γ(E∨) is generated by an odd (resp. even) operation.
To determine the Z-graded vector space R⊥ ⊆ Γ(E∨)(2n−1) of relations satisfied
by µ∗, we consider the following morphism of graded vector spaces:
〈−,−〉 : Γ(E∨)(2n−1)⊗F Γ(E)(2n−1) −→ F,
〈 ↑n−2f∗1 ◦i ↑
n−2g∗1 , f2 ◦j g2 〉 = δij(−1)
(i+1)(n+1)f∗1 (f2)g
∗
1(g2) ∈ F.
It follows that the monomial basis of Γ(E∨)(2n−1) is identical to that of (1) except
that µ is replaced by µ∗. Hence the morphism 〈−,−〉 has the simple form
〈 (µ∗ ◦i µ
∗), (µ ◦j µ) 〉 = (−1)
(i+1)(n+1)δij .
This is a Z-graded pairing between Γ(E∨)(2n−1) and Γ(E)(2n−1).
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Definition 2.6. The space of dual relations R⊥ ⊆ Γ(E∨)(2n−1) is the orthogonal
complement of R ⊆ Γ(E)(2n−1) in the sense that
R⊥ = {α∗ ∈ Γ(E∨)(2n−1) | α∗(β) = 0, ∀β ∈ R }.
The Koszul dual P ! of the original operad P is then P ! = Γ(E∨)/(R⊥).
Proposition 2.7. [20, Proposition 14] The Koszul dual of the totally associative
operad TAnd generated by n-ary operation in degree d is the partially associative
operad PAn−d+n−2 generated by an n-ary operation in degree −d+n−2.
2.3. Operadic cohomology of P-algebras. We recall some definitions.
Definition 2.8. [16, §5.9.8], [21, §1.1.20,§3.71] Let P be an ns operad. Let A
be a Z-graded vector space and let End(A) =
⊕
n≥1Hom(A
⊗n, A) be its (ns)
endomorphism operad. An operad morphism P → End(A) makes A into a P-
algebra. Similarly, let CoEnd(A) =
⊕
n≥1Hom(A,A
⊗n) be its (ns) endomorphism
cooperad. An operad morphism P → CoEnd(A) makes A into a P-coalgebra.
Definition 2.9. [16, §12.4.1] Let P = P(E,R) be a quadratic operad and assume
A is a P-algebra, and M is an A-module. We also assume that A and M are
concentrated in degree 0. An operadic cochain complex is defined by:
C•P(A,M) := Hom(P
!(A),M)
Remark 2.10. [16, §12.4.1] If we consider the P-algebra A as an A-module then
we obtain the operadic cohomology H•P(A,A) of A with coefficients in A.
Theorem 2.11. [18, Theorem 23] Let s(P ⊗ P !) be the suspension of the operad
P ⊗ P !. There is a canonical action, called the cup product, of s(P ⊗ P !) on the
graded vector space C•P(A;A).
3. Ternary case
In this section we consider the operad TA30 generated by one totally associative
ternary operation µ of (homological) degree 0, and its Koszul dual PA31 generated
by one partially associative ternary operation µ∗ of (homological) degree 1. That
is, we show that the operadic complex C•P (A;A) admits a ternary cup product of
degree 1. Our goal is to understand explicitly the partially associative structure of
the cohomology of a totally associative algebra. For a detailed study of this Koszul
pair, see [6, 19, 20]. For results on algebras over the operad PA30 (that is, partially
associative triple systems with an operation of degree 0) see [2, 11].
3.1. The case n = 3. Specializing the general discussion to the case n = 3, we
obtain the following results. First, Γ(E)(2n − 1), which is Γ(E)(5) in ternary
case, is isomorphic to the direct sum of three copies of the graded vector spaces
corresponding to the three association types of arity five:
(2)
µ ◦1 µ = µ(µ(x1, x2, x3), x4, x5),
µ ◦2 µ = µ(x1, µ(x2, x3, x4), x5),
µ ◦3 µ = µ(x1, x2, ω(x3, x4, x5)),
where ◦i denotes the usual operadic partial composition. Thus dimΓ(E)(5) = 3
with the monomial basis µ ◦1 µ, µ ◦2 µ, µ ◦3 µ. Write R ⊆ Γ(E)(5) for the graded
subspace of quadratic relations µ ◦1 µ − µ ◦2 µ, µ ◦1 µ − µ ◦3 µ corresponding to
associative triple systems, and (R) ⊂ Γ(E) for the operad ideal generated by R.
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Write P = Γ(E)/(R) for the operad governing totally associative triple systems.
Let V = E(a), We obtain
(E(a)#)d =
{
Ω∗ if a = 3, d = 0
{0} otherwise
where Ω ∼= F. Therefore the degree-graded vector space E∨(a) would be:
E∨(a) = ↑a−2(E(a)#),
where ↑a−2 denotes the (a−2)-fold suspension of the degree-graded vector space
E(a)#. Since E(a)# = {0} unless a = 3, we obtain
E∨(a) =
{
↑(E(3)#) if a = 3
{0} otherwise
By definition of suspension, this gives
(E∨(a))d =
{
Ω∗ if a = 3, d = 1
{0} otherwise.
Thus E∨(3) is 1-dimensional, concentrated in degree 1, and E∨(a) is 0-dimensional
for a 6= 3. Therefore Γ(E∨) is the free operad generated by the dual operation µ∗
placed in degree 1; that is, Γ(E∨) is generated by an odd operation.
We next determine the degree graded subspace R⊥ ⊆ Γ(E∨)(5) of relations
satisfied by the generating operation µ∗. (Note that these relations are quadratic
and hence have homological degree 2; that is, they represent even operations.)
Consider the following morphism of graded vector spaces:
〈−,−〉 : Γ(E∨)(5)⊗F Γ(E)(5) −→ F,
defined by the equation
〈 ↑f∗1 ◦i ↑g
∗
1 , f2 ◦j g2 〉 = δijf
∗
1 (f2)g
∗
1(g2) ∈ F.
In other words, if we imitate the monomial basis (2) for Γ(E)(5), we obtain the
following monomial basis of Γ(E∨)(5),
(3)
µ∗ ◦1 µ
∗ = µ∗(µ∗(x1, x2, x3), x4, x5),
µ∗ ◦2 µ
∗ = µ∗(x1, µ
∗(x2, x3, x4), x5),
µ∗ ◦3 µ
∗ = µ∗(x1, x2, µ
∗(x3, x4, x5)),
For this basis of Γ(E∨)(5), the graded morphism 〈−,−〉 takes the simple form
〈 (µ∗ ◦i µ
∗), (µ ◦j ω) 〉 = δij .
We now define R⊥ ⊆ Γ(E∨)(5) to be the orthogonal complement of R ⊆ Γ(E)(5):
R⊥ = {α∗ ∈ Γ(E∨)(5) | α∗(β) = 0, ∀β ∈ R }.
The Koszul dual P ! of the original operad P is then defined by
P ! = Γ(E∨)/(R⊥).
Thus TA30 is generated by the ternary operation µ which satisfies
µ ◦1 µ = µ ◦2 µ = µ ◦3 µ.
Similarly, PA31 is generated by the ternary operation ν which satisfies
µ ◦1 µ+ µ ◦2 µ+ µ ◦3 µ = 0.
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Lemma 3.1. Let P be a totally associative operad TA30 generated by the ternary
operation µ in degree 0. Then its Koszul dual P ! is the partially associative operad
PA31 generated by the ternary operation µ
∗ of degree 1 which satisfies
µ∗(µ∗(−,−,−),−,−) + µ∗(−, µ∗(−,−,−),−) + µ∗(−,−, µ∗(−,−,−)) = 0
Proof. The operad TA30 is the quadratic operad Γ(E)/(R) where R ⊆ Γ(E)(5) is
the subspace of quadratic relations generated by µ ◦1 µ−µ ◦2 µ and µ ◦1 µ−µ ◦3 µ.
So to find R⊥ = {α∗ ∈ Γ(E∨)(5) | α∗(β) = 0, ∀β ∈ R }, it suffices to find the
nullspace of the matrix whose rows are the coefficient vectors of the two relations:[
1 −1 0
1 0 −1
]
A basis for the nullspace is [1, 1, 1] and hence α∗ = µ∗ ◦1 µ
∗ + µ∗ ◦2 µ
∗ + µ∗ ◦3 µ
∗.
So the ternary operation µ∗ of Γ(E∨)/(R⊥) satisfies the claimed relation. 
Notation 3.2. For simplicity we denote the three generators µ∗ ◦1 µ
∗, µ∗ ◦2 µ
∗,
and µ∗ ◦3 µ
∗ of P !(5) by m1, m2, m3.
3.2. Ternary cup product on the cochain complex. Let P be the ns associa-
tive operad generated by a ternary operation in degree 0 and let A be a P-algebra.
For any even number n, P(n) = 0. If we consider A as an A-module, then by defi-
nition 2.9, CnP (A,A) := Hom(P
!(2n+1)(A), A). So the first three classes of cochain
complexes would be equal to:
C0P (A,A) = Hom(P
!(1)(A), A)) ∼= Hom(P !(1), Hom(A,A))
C1P (A,A) = Hom(P
!(3)(A), A)) ∼= Hom(P !(3),Hom(A⊗3, A))
C2P (A,A) = Hom(P
!(5)(A), A)) ∼= Hom(P !(5),Hom(A⊗5, A))
The second isomorphisms comes from the following natural isomorphism:
Hom(P(n),Hom(A⊗n, A)) ∼= Hom(P(n)⊗A⊗n, A).
Remark 3.3. By the Lemma 3.1, the operation µ∗ is ternary and P !(3) = 〈µ∗〉
and P !(5) is generated by generators m1, m2, m3 such that m1,+m2,+m3 = 0.
So two operations of these three, like m1, m2 form the basis of P
!(5). If f in
C0P(A,A), it means f ∈ Lin(A,A). Also if f in C
1
P(A,A), then f(µ
∗) is an element
of Lin(A⊗3, A). So there are three linear homeomorphisms f1, f2, f3 : A → A
corresponding to f(µ∗) : A⊗3 → A that:
f(µ∗)(a1, a2, a3) = µ(f1(a1), f2(a2), f3(a3)).
Let f be an element of C2P(A,A) = Hom(P
!(5),Hom(A⊗5, A)), then f(mj) for
j = 1, 2 are elements of Lin(A⊗5, A). So there should be five linear homeomorphism
fi : A→ A, i = 1, . . . 5 corresponding to f such that
f(m1)(a1, a2, a3, a4, a5) = µ
(
µ(f1(a1), f2(a2), f3(a3)), f4(a4), f5(a5)
)
,
f(m2)(a1, a2, a3, a4, a5) = µ
(
f1(a1), µ(f2(a2), f3(a3), f4(a4)), f5(a5)
)
.
Definition 3.4. Let C•P(A,A) := Hom(P
!(A), A) be the operadic cochain complex
for totally associative operad P generated by µ. Let f, g, h be three elements of
C•P(A,A) with degree n1, n2, n3. Define the ternary cup product by
〈−,−,−〉 : C•P (A,A)⊗ C
•
P (A,A)⊗ C
•
P(A,A)→ C
•
P(A,A),
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by the equation
〈f, g, h〉(γ)(a1, . . . , a2(k)+1) = γ(f ⊗ g ⊗ h)(a1, . . . , a2k+1),
where 〈f, g, h〉 ∈ CkP(A,A) for k = n1 + n2 + n3 + 1 and γ ∈ P
!(2(k) + 1).
For a fixed generator γ in P !(2k + 1), as f, g, h are elements of C•P (A,A) of
degree n1, n2 and n3, they act on the elements of P
!(2n1 + 1), P
!(2n2 + 1), and
P !(2n3+1) respectively. So by Remark 3.3, there are linear homeomorphism fi, i =
1, . . . , 2n1+1, gj, j = 1, . . . , 2n2+1, and hl, l = 1, . . . , 2n3+1 elements of Lin(A,A)
corresponding to f, g, h, respectively. Therefore the definition makes sense.
Example 3.5. Assume f, g, h are elements of C0P (A,A). Then 〈f, g, h〉 ∈ C
1
P(A,A)
and 〈f, g, h〉(µ∗) would be an element of Lin(A⊗3, A), so by last definition:
〈f, g, h〉(µ⋆)(a1, a2, a3) = µ(f(a1), g(a2), h(a3))
Example 3.6. Let us to describe the ternary product 〈−,−,−〉, when f has degree
1 and both of g, h have degree 0. In this case 〈f, g, h〉 would be element of C2P(A,A),
so 〈f, g, h〉(mi) for i = 1, 2 is in Lin(A
⊗5, A). But f has degree 1, by Remark 3.3,
there exist three linear homeomorphism f1, f2, f3 : A → A corresponding to f .
Therefore
〈f, g, h〉(m1)(a1, a2, a3, a4, a5) = µ
(
µ(f(a1), f(a2), f(a3)), g(a4), h(a5)),
〈f, g, h〉(m2)(a1, a2, a3, a4, a5) = µ
(
(f(a1), µ(f(a2), f(a3), g(a4)), h(a5)).
3.3. PA31-algebra structure of cochain complex of.
Theorem 3.7. Let P be a ns totally associative operad generated by ternary gener-
ator µ in degree 0, let A be a P-algebra, and C•P (A,A) the operadic cochain complex
(Definition 2.9). The ternary cup product 〈−,−,−〉 on C•P(A,A) is a partially as-
sociative product of degree 1.
Proof. We need to show that
〈〈f, g, h〉, k, l〉+ 〈f, 〈g, h, k〉, l〉+ 〈f, g, 〈h, k, l〉〉 = 0,
where f, g, h, k, l are elements of C•P(A,A) of degree n1, n2, n3, n4, n5, respectively.
We prove by induction. So first, we check our claim for the simplest case, i.e
f, g, h, k, l are of degree zero, so they are elements of Lin(A,A). By our definition
〈f, g, h〉, 〈g, h, k〉, 〈h, k, l〉 are of degree one, so they belong to C1P(A,A). Also
〈〈f, g, h〉, k, l〉 and the two other terms of above equality are of degree two, so they
are elements of C3P(A,A). By remark 3.3, 〈〈f, g, h〉, k, l〉(mj) : A
⊗5 → A. Therefore
it is enough to show that(
〈〈f, g, h〉, k, l〉+ 〈f, 〈g, h, k〉, l〉+ 〈f, g, 〈h, k, l〉〉
)
(mj) = 0, j = 1, 2.
Let us try first for m1:(
〈〈f, g, h〉, k, l〉(m1)
)
(a1, a2, a3, a4, a5) := µ(µ(f(a1), g(a2), h(a3)), k(a4), l(a5))(
〈f, 〈g, h, k〉, l〉(m1)
)
(a1, a2, a3, a4, a5) := µ(f(a1), µ(g(a2), h(a3), k(a4)), l(a5))(
〈f, g, 〈h, k, l〉〉(m1)
)
(a1, a2, a3, a4, a5) := µ(f(a1), g(a2), µ(h(a3), k(a4), l(a5)))
But the second and third equality are also equal respectively to
〈〈f, g, h〉, k, l〉(m2)(a1, a2, a3, a4, a5), 〈〈f, g, h〉, k, l〉(m3)(a1, a2, a3, a4, a5).
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On the other hand, by Lemma 3.1, we assumed m1 +m2 +m3 = 0, so:(
〈〈f, g, h〉, k, l〉+ 〈f, 〈g, h, k〉, l〉+ 〈f, g, 〈h, k, l〉〉)
)
(m1)(a1, a2, a3, a4, a5)
= m1(f(a1), g(a2), h(a3), k(a4), l(a5)) +m2(f(a1), g(a2), h(a3), k(a4), l(a5))
+m3(f(a1), g(a2), h(a3), k(a4), l(a5))
= (m1 +m2 +m3)(f(a1), g(a2), h(a3), k(a4), l(a5)) = 0
By induction, assume if f, g, h, k, l are elements of degree n1, . . . , n5, respectively,and
n1 + · · ·+ n5 = k. Then(
〈〈f, g, h〉, k, l〉+ 〈f, 〈g, h, k〉, l〉+ 〈f, g, 〈h, k, l〉〉
)
(mj)(a1, . . . , a2k+1) = 0,
for all mj of the basis of P
!(2k + 1). Now we show, if f, g, h, k, l are elements of
degree n′1, . . . , n
′
5 respectively, and n
′
1 + · · ·+ n
′
5 = k + 1. Then(
〈〈f, g, h〉, k, l〉+ 〈f, 〈g, h, k〉, l〉+ 〈f, g, 〈h, k, l〉〉
)
(m′j)(a1, . . . , a2k+3) = 0,
for all m′j of the basis of P
!(2k + 3). Any m′j is equal to mj ◦i µ
∗, such that mj is
an element of the basis for P !(2k + 1). So(
〈〈f, g, h〉, k, l〉+ 〈f, 〈g, h, k〉, l〉+ 〈f, g, 〈h, k, l〉〉
)
(m′j)
=
(
〈〈f, g, h〉, k, l〉+ 〈f, 〈g, h, k〉, l〉+ 〈f, g, 〈h, k, l〉〉
)
(mj ◦i µ
∗)(a1, . . . , a2k+3)
=
(
〈〈f, g, h〉, k, l〉+ 〈f, 〈g, h, k〉, l〉
+ 〈f, g, 〈h, k, l〉〉
)
(mj)(a1, . . . , µ
∗(ai, ai+1, ai+2), . . . a2k+3).
But by induction assumption:(
〈〈f, g, h〉, k, l〉+ 〈f, 〈g, h, k〉, l〉+ 〈f, g, 〈h, k, l〉〉
)
(mj)(a1, . . . , a2k+1) = 0
for any (a1, . . . , a2k+1) in A
⊗2k+1. So(
〈〈f, g, h〉, k, l〉+ 〈f, 〈g, h, k〉, l〉+
〈f, g, 〈h, k, l〉〉
)
(mj)(a1, . . . , µ
∗(ai, ai+1, ai+2), . . . a2k+3) = 0.
The definition of ternary cup product 〈−,−,−〉 show that, this ternary operation
of C•P (A,A) has degree one. 
4. Quaternary case
The operad TA40 is generated by quaternary operation µ that satisfies:
µ(µ, id, id, id) = µ(id, µ, id, id) = µ(id, id, µ, id) = µ(id, id, id, µ).
If d = 2 and n = 4, the operad PA42 is generated by quaternary operation µ, that
by Example 2.5 satisfies:
µ(µ, id, id, id)− µ(id, µ, id, id) + µ(id, id, µ, id)− µ(id, id, id, µ) = 0.
These two operads were originally studied by Gnedbaye [10, §3.4]. It follows from
his results that if n is even then the free ns operad generated by one (n − 1)-ary
operation and the partially associative n-ary operad PAn0 are linearly isomorphic
(that is, as weight-graded vector spaces).
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Remark 4.1. The reason for this phenomenon is that for even n, the single re-
lation defining partial associativity forms a Gro¨bner basis of the operadic ideal it
generates, for the path glex order. This can be verified by computing a Gro¨bner
basis for the Koszul dual operad, which is the (de)suspension of the totally asso-
ciative n-ary operad. It follows that the monomials in normal form are precisely
those where partial composition is forbidden in the first position, so only the last
n−1 partial compositions are permitted. This gives the required weight-preserving
linear isomorphism. In the odd case, as we have already seen for n = 3, the Gro¨bner
basis is more complicated; in fact, the corresponding operad is not Koszul [6]. It
follows that the dimensions of the homogeneous spaces in the partially associative
quaternary operad are given by the ternary Catalan numbers (Proposition 2.2).
Lemma 4.2. Let P be a totally associative operad TA40 generated by the quaternary
operation µ in degree zero. Then its Koszul cooperad P ! is the partially associative
operad PA42 generated by quaternary operation µ
∗ = (−,−,−,−) of degree two,
which is partially associative, so it satisfies the relation:
µ∗(µ∗, id, id, id)− µ∗(id, µ∗, id, id) + µ∗(id, id, µ∗, id)− µ∗(id, id, id, µ∗) = 0.
4.1. Quaternary cup product on the cochain complex. Let P be the ns
operad generated by a totally associative quaternary operation in degree zero and
let A be a P-algebra. We note that P(n) 6= 0 if and only if n ≡ 1 (mod 3). If we
consider A as a module over itself, then by Definition 2.9,
CnP(A,A) := Hom(P
!(3n+1)(A), A).
Recall the the following natural isomorphism for operads:
Hom(P(n), Hom(A⊗n, A)) ∼= Hom(P(n)⊗A⊗n, A).
Example 4.3. The first five homogeneous spaces in the cochain complex are
C0P (A,A) = Hom(P
!(1)(A), A)) ∼= Hom(P !(1), Hom(A,A)),
C1P (A,A) = Hom(P
!(4)(A), A)) ∼= Hom(P !(4), Hom(A⊗4, A)),
C2P (A,A) = Hom(P
!(7)(A), A)) ∼= Hom(P !(7), Hom(A⊗7, A)),
C3P (A,A) = Hom(P
!(10)(A), A)) ∼= Hom(P !(10), Hom(A⊗10, A)),
C4P (A,A) = Hom(P
!(13)(A), A)) ∼= Hom(P !(13), Hom(A⊗13, A)).
By Lemma 4.2, the dual operation µ⋆ is quaternary where P !(4) = 〈µ⋆〉, and
P !(7) is spanned by the monomials m1, m2, m3,m4 satisfying the partially asso-
ciativity relation m1 − m2 + m3 − m4 = 0. So we may choose three of these four
operations, say m1, m2, m3 as the basis of P
!(7).
Example 4.4. If f ∈ C0P(A,A) then f ∈ Lin(A,A) since dimP
!(1) = 1.
If f ∈ C1P(A,A), then f(µ
⋆) ∈ Lin(A⊗4, A) since dimP !(4) = 1. So there are
four A-module morphisms f1, f2, f3, f4 : A → A corresponding to the four compo-
nents of f(µ⋆) : A⊗4 → A regarded as a multilinear map:
f(µ⋆)(a1, a2, a3, a4) = µ(f1(a1), f2(a2), f3(a3), f4(a4)).
If f ∈ C2P (A,A) = Hom(P
!(7), Hom(A⊗7, A)), then since dimP !(7) = 3, we
have f(mj) ∈ Lin(A
⊗7, A) for j = 1, 2, 3. So there are seven A-module morphisms
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fi : A→ A, i = 1, . . . 7 such that:
f(m1)(a1, . . . , a7) = µ
(
µ
(
f1(a1), f2(a2), f3(a3), f4(a4)
)
, f5(a5), f6(a6), f7(a7)
)
,
f(m2)(a1, . . . , a7) = µ
(
f1(a1), µ
(
f2(a2), f3(a3), f4(a4), f5(a5)
)
, f6(a6), f7(a7)
)
,
f(m3)(a1, . . . , a7) = µ
(
f1(a1), f2(a2), µ
(
f3(a3), f4(a4), f5(a5), f6(a6)
)
, f7(a7)
)
.
Definition 4.5. Let C•P(A,A) := Hom(P
!(A), A) be the operadic cochain complex
for the totally associative operad P generated by the quaternary operation µ. Let
f, g, h, k be four elements of C•P(A,A) with degrees n1, n2, n3, n4 respectively. The
quaternary cup product is a map 〈−,−,−,−〉 of (homological) degree 2:
〈−,−,−,−〉 : C•P (A,A)⊗ C
•
P(A,A) ⊗ C
•
P(A,A) ⊗ C
•
P(A,A) −→ C
•
P(A,A).
In order to define the element 〈f, g, h, k〉 of CrP(A,A) where r = n1+n2+n3+n4+2,
we make the following observations:
• The elements f, g, h, k are determined by their components, which are A-module
morphisms fi, gj, hl, kt ∈ Lin(A,A), where
1 ≤ i ≤ 3n1 + 1,
3n1 + 2 ≤ j ≤ 3n1 + 3n2 + 2,
3n1 + 3n2 + 3 ≤ l ≤ 3n1 + 3n2 + 3n3 + 3,
3n1 + 3n2 + 3n3 + 4 ≤ t ≤ 3n1 + 3n2 + 3n3 + 3n4 + 4.
Note that
3n1+3n2+3n3+3n4+4 = (3n1+1) + (3n2+1) + (3n3+1) + (3n4+1) = 3r − 2.
Thus the factors in the tensor product are indexed as follows:
f1 ⊗ · · · ⊗ g3n1+2 ⊗ · · · ⊗ h3n1+3n2+3 ⊗ · · · ⊗ k3n1+3n2+3n3+4 ⊗ · · · ⊗ k3r−2.
• Since any element γ ∈ P !(3r + 1) can be written in the form γ = α ◦s µ
∗ where
α ∈ P !(3r − 2) and 1 ≤ s ≤ 3r − 2, we can define 〈f, g, h, k〉(γ) inductively
by weight. For each partial composition index s, we need to describe the map
corresponding to position s. For example, if position s corresponds to tensor
factor kj then
〈f, g, h, k〉(γ)(a1, . . . , a3r+1)
= α ◦s µ
∗(f1 ⊗ · · · f3n1+1 · · · g3n2+1 · · ·h3n3+1 · · · k
⊗4
j · · · ⊗ k3r−2)(a1 · · · a3r+1)
= α ◦s µ
∗
(
f1(a1), . . . , kj(ai), kj(ai+1), kj(ai+2), kj(ai+3), . . . k3r−2(a3r+1)
)
= α
(
f1(a1), . . . , µ
(
kj(ai), kj(ai+1), kj(ai+2), kj(ai+3)
)
, . . . , k3r−2(a3r+1)
)
.
Example 4.6. In the simplest case, let f, g, h, k be four elements of C•P (A,A) of
degree 0. It follows that
〈f, g, h, k〉 ∈ C2P(A,A), 〈f, g, h, k〉(µ
⋆) ∈ Lin(A⊗7, A).
Using the basis {m1,m2,m3} of P
!(7), for s = 1, 2, 3 we obtain:
〈f, g, h, k〉(m1)(a1, . . . , a7) = µ
∗ ◦1 µ
∗
(
f⊗4 ⊗ g ⊗ h⊗ k
)
(a1, . . . , a7)
= µ
(
µ
(
f(a1), f(a2), f(a3), f(a4)
)
, g(a5), h(a6), k(a7)
)
.
〈f, g, h, k〉(m2)(a1, . . . , a7) = µ
∗ ◦2 µ
∗
(
f ⊗ g⊗4 ⊗ h⊗ k
)
(a1, . . . , a7)
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= µ
(
f(a1), µ
(
g(a2), g(a3), g(a4), g(a5)
)
, h(a6), k(a7)
)
.
〈f, g, h, k〉(m3)(a1, . . . , a7) = µ
∗ ◦3 µ
∗
(
f ⊗ g ⊗ g⊗4 ⊗ k
)
(a1, . . . , a7)
= µ
(
f(a1), g(a2), µ
(
h(a3), h(a4), h(a5), h(a6)
)
, k(a7)
)
.
4.2. PA42-algebra structure of cochain complex.
Theorem 4.7. Let P be the ns totally associative operad generated by the quater-
nary operation µ of (homological) degree 0, let A be a P-algebra, and let C•P(A,A)
be its operadic cochain complex. Then the quaternary cup product of Definition 4.5
on C•P (A,A) is a quaternary partially associative product of degree 2.
Proof. We need to show that
(4)
〈〈f, g, h, k〉, l, u, v〉 − 〈f, 〈g, h, k, l〉, u, v〉
+ 〈f, g, 〈h, k, l, u〉, v〉 − 〈f, g, h, 〈k, l, u, v〉 = 0,
for arbitrary elements f, . . . , v in C•P(A,A) of degrees n1, . . . , n7, respectively. We
proceed by induction on the sum n1 + · · ·+ n7.
For the basis, we verify the simplest case in which f, . . . , v have degree 0: that is,
they are in Lin(A,A). The four interior products 〈f, g, h, k〉, 〈g, h, k, l〉, 〈h, k, l, u〉,
〈k, l, u, v〉 have degree 2; that is, they are in C2P(A,A). The four terms in relation
(4) have degree 4; that is, they are in C4P (A,A). By Example 4.4, for every basis
monomial β ∈ P !(13), we have
〈〈f, g, h, k〉, l, u, v〉(β) : A⊗13 −→ A.
Therefore it is enough to verify the relation for every basis monomial β; that is,
〈〈f, g, h, k〉, l, u, v〉(β)− 〈f, 〈g, h, k, l〉, u, v〉(β)
+ 〈f, g, 〈h, k, l, u〉, v〉(β)− 〈f, g, h〈k, l, u, v〉(β) = 0.
We work out the details for the monomial β = (m1 ◦1 µ
∗) ◦9 µ
∗ obtained by
applying partial compositions to m1:
s
(
〈〈f, g, h, k〉, l, u, v〉(β)
)
(a1, . . . , a13) = β(〈f, g, h, k〉 ⊗ l⊗ u⊗ v)(a1, . . . , a13)
=
(
(m1 ◦1 µ
∗) ◦9 µ
∗
)
(〈f, g, h, k〉 ⊗ l ⊗ u⊗ v)(a1, . . . , a13)
=
(
(m1 ◦1 µ
∗) ◦9 µ
∗
)
(f⊗4 ⊗ g ⊗ h⊗ k ⊗ l ⊗ u⊗4 ⊗ v)(a1, . . . , a13),(
〈f, 〈g, h, k, l〉, u, v〉(β)
)
(a1, . . . , a13) = β(f ⊗ 〈g, h, k, l〉 ⊗ u⊗ v)(a1, . . . , a13)
=
(
(m1 ◦1 µ
∗) ◦9 µ
∗
)
(f ⊗ 〈g, h, k, l〉 ⊗ u⊗ v)(a1, . . . , a13)
=
(
(m1 ◦1 µ
∗) ◦9 µ
∗
)
(f ⊗ g⊗4 ⊗ h⊗ k ⊗ l ⊗ u⊗4 ⊗ v)(a1, . . . , a13),(
〈f, g, 〈h, k, l, u〉, v〉(β)
)
(a1, . . . , a13) = β(f ⊗ g ⊗ 〈h, k, l, u〉 ⊗ v)(a1, . . . , a13)
=
(
(m1 ◦1 µ
∗) ◦9 µ
∗
)
(f ⊗ g ⊗ 〈h, k, l, u〉 ⊗ v)(a1, . . . , a13)
=
(
(m1 ◦1 µ
∗) ◦9 µ
∗
)
(f ⊗ g ⊗ h⊗4 ⊗ k ⊗ l ⊗ u⊗4 ⊗ v)(a1, . . . , a13),(
〈f, g, h, 〈k, l, u, v〉〉(β)
)
(a1, . . . , a13) = β(f ⊗ g ⊗ h⊗ 〈k, l, u, v〉)(a1, . . . , a13)
=
(
(m1 ◦1 µ
∗) ◦9 µ
∗
)
(f ⊗ g ⊗ h⊗ 〈k, l, u, v〉)(a1, . . . , a13)
=
(
(m1 ◦1 µ
∗) ◦9 µ
∗
)
(f ⊗ g ⊗ h⊗ k⊗4 ⊗ l ⊗ u⊗4 ⊗ v)(a1, . . . , a13).
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The second, third, and fourth results in this list may also be written respectively
as follows using m2,m3,m4 instead of m1:
〈〈f, g, h, k〉, l, u, v〉((m2 ◦1 µ
∗) ◦9 µ
∗)(a1, . . . , a13),
〈〈f, g, h, k〉, l, u, v〉((m3 ◦1 µ
∗) ◦9 µ
∗)(a1, . . . , a13),
〈〈f, g, h, k〉, l, u, v〉((m4 ◦1 µ
∗) ◦9 µ
∗)(a1, . . . , a13).
On the other hand, Lemma 4.2 shows that m1 −m2 +m3 −m4 = 0 and hence(
〈〈f, g, h, k〉, l, u, v〉(β)− 〈f, 〈g, h, k, l〉, u, v〉(β)
+ 〈f, g, 〈h, k, l, u〉, v〉(β)− 〈f, g, h, 〈k, l, u, v〉〉(β)
)
(a1, . . . , a13)
= β
(
〈〈f, g, h, k〉, l, u, v〉
)((
(m1 ◦1 µ
∗) ◦9 µ
∗
)
−
(
(m2 ◦1 µ
∗) ◦9 µ
∗
)
+
(
(m3 ◦1 µ
∗) ◦9 µ
∗
)
−
(
(m4 ◦1 µ
∗) ◦9 µ
∗
))
(a1, . . . , a13)
= β
(
〈〈f, g, h, k〉, l, u, v〉
)(
((m1 −m2 +m3 −m4) ◦1 µ
∗) ◦9 µ
∗
)
(a1, . . . , a13) = 0.
This establishes the basis of the induction.
For the inductive step, we assume that if f , g, h, k, l, u, v are elements of degrees
n1, . . . , n7 respectively such that n1 + · · ·+ n7 = r, then we have the relation(
〈〈f, g, h, k〉, l, u, v〉 − 〈f, 〈g, h, k, l〉, u, v〉
+ 〈f, g, 〈h, k, l, u〉, v〉 − 〈f, g, h, 〈k, l, u, v〉
)
(α) = 0,
for all basis monomials α in P !(3r + 1). We show that if the sum of the degrees of
f, . . . , v is r + 1, then we have the relation(
〈〈f, g, h, k〉, l, u, v〉 − 〈f, 〈g, h, k, l〉, u, v〉
+ 〈f, g, 〈h, k, l, u〉, v〉 − 〈f, g, h, 〈k, l, u, v〉
)
(β) = 0,
for all basis monomials β in P !(3r + 4). Every such monomial has the form β =
α ◦i µ
∗ where α is a basis monomial for P !(3r + 1). To simplify notation, we omit
commas separating arguments and write
ρ = 〈〈fghk〉luv〉 − 〈f〈ghkl〉uv〉+ 〈fg〈hklu〉v〉 − 〈fgh〈kluv〉〉.
We calculate as follows:
ρ(β)(a1, . . . , a3r+4) = ρ(α ◦i µ
∗)(a1, . . . , a3r+4)
= ρ(α)
(
a1, . . . , µ
∗(ai, ai+1, ai+2, ai+3), . . . a3r+4
)
.
By the inductive hypothesis, we have ρ(α)(a1, . . . , a3r+1) = 0 for any a1, . . . , a3r+1.
Therefore
ρ(α)
(
a1, . . . , µ
∗(ai, ai+1, ai+2, ai+3), . . . a3r+4
)
= 0,
for any a1, . . . , a3r+4. To complete the proof, we note that it follows trivially from
the the definition of the cup product 〈−,−,−,−〉 that this quaternary operation
on C•P(A,A) has (homological) degree two. 
14 FATEMEH BAGHERZADEH AND MURRAY BREMNER
References
[1] H. Ataguema, A. Makhlouf: Notes on cohomologies of ternary algebras of associative type.
J. Gen. Lie Theory Appl. 3 (2009), no. 3, 157–174.
[2] M. R. Bremner: On free partially associative triple systems. Comm. Algebra 28 (2000), no. 4,
2131–2145.
[3] M. R. Bremner, V. Dotsenko: Algebraic Operads: An Algorithmic Companion. CRC Press,
Boca Raton, FL, 2016.
[4] R. Carlsson: Cohomology of associative triple systems. Proc. Amer. Math. Soc. 60 (1976)
1–7. Erratum and supplement: Proc. Amer. Math. Soc. 67 (1977), no. 2, 361.
[5] R. Carlsson: n-ary algebras. Nagoya Math. J. 78 (1980) 45–56.
[6] V. Dotsenko, M. Markl, E. Remm: Non-Koszulness of operads and positivity of Poincare´
series. arXiv:1604.08580[math.KT] (submitted on 28 April 2016).
[7] M. Gerstenhaber: The cohomology structure of an associative ring. Ann. of Math. (2) 78
(1963) 267–288.
[8] M. Gerstenhaber, A. A. Voronov: Higher-order operations on the Hochschild complex. Funkt-
sional. Anal. i Prilozhen. 29 (1995), no. 1, 1–6, 96. Translation: Funct. Anal. Appl. 29 (1995),
no. 1, 1–5.
[9] E. Getzler: Batalin-Vilkovisky algebras and two-dimensional topological field theories.
Comm. Math. Phys. 159, 2 (1994) 265–285.
[10] A. V. Gnedbaye: Ope´rades des alge`bres (k+1)-aires [Operads of (k+1)-ary algebras]. Operads:
Proceedings of Renaissance Conferences (Hartford, CT/Luminy, 1995), 83–113. Contemp.
Math., 202, Amer. Math. Soc., Providence, RI, 1997.
[11] N. Goze, E. Remm: Dimension theorem for free ternary partially associative algebras and
applications. J. Algebra 348 (2011), 14–36.
[12] M. R. Hestenes: A ternary algebra with applications to matrices and linear transformations.
Arch. Rational Mech. Anal. 11 (1962) 138–194.
[13] G. Hochschild: On the cohomology groups of an associative algebra. Ann. of Math. (2) 46
(1945) 58–67.
[14] W. G. Lister: Ternary rings. Trans. Amer. Math. Soc. 154 (1971) 37–55.
[15] J. L. Loday : Cup-product for Leibniz cohomology and dual Leibniz algebras. Math. Scand.
77 (1995), no. 2, 189–196.
[16] J.-L. Loday, B. Vallette: Algebraic Operads. Grundlehren Math. Wiss., 346. Springer, Hei-
delberg, 2012.
[17] M. Markl: Models for operads. Comm. Algebra 24 (1996), no. 4, 1471–1500.
[18] M. Markl: Cohomology operations and the Deligne conjecture. Czechoslovak Math. J. 57
(2007), no. 1, 473–503.
[19] M. Markl, E. Remm: Operads for n-ary algebras: calculations and conjectures. Arch. Math.
(Brno) 47 (2011), no. 5, 377–387.
[20] M. Markl, E. Remm: (Non-)Koszulness of operads for n-ary algebras, galgalim and other
curiosities. J. Homotopy Relat. Struct. 10 (2015), no. 4, 939–969.
[21] M. Markl, S. Shnider, J. Stasheff: Operads in Algebra, Topology and Physics. Mathematical
Surveys and Monographs, 96. American Mathematical Society, Providence, RI, 2002.
[22] J. E. McClure, J. H. Smith: A solution of Deligne’s Hochschild cohomology conjecture. Recent
Progress in Homotopy Theory (Baltimore, MD, 2000), 153–193. Contemp. Math., 293, Amer.
Math. Soc., Providence, RI, 2002.
[23] U. Shukla: Cohomologie des alge`bres associatives. Ann. Sci. E´cole Norm. Sup. (3) 78 (1961)
163–209.
[24] C. A. Weibel: History of homological algebra. History of Topology, 797–836. North-Holland,
Amsterdam, 1999.
Department of Mathematics and Statistics, University of Saskatchewan, Canada
E-mail address: bagherzadeh@math.usask.ca
Department of Mathematics and Statistics, University of Saskatchewan, Canada
E-mail address: bremner@math.usask.ca
